MINIMAL LAGRANGIAN SURFACES IN § 2 x § 2 



ILDEFONSO CASTRO AND FRANCISCO URBANO 

Abstract. We deal with the minimal Lagrangian surfaces of the Einstein- 
Kahler surface S 2 X S 2 , studying local geometric properties and showing that 
they can be locally described as Gauss maps of minimal surfaces in S 3 C M 4 . 
We also discuss the second variation of the area and characterize the most 
relevant examples by their stability behaviour. 



1. Introduction 

The theory of minimal surfaces in three-dimensional Riemannian manifolds of 
constant sectional curvature is a classical topic in differential geometry which has 
been developed in large. Recently, many geometers are interested in minimal sur- 
faces of 3-dimensional manifolds of type ExM, where S is a Riemann surface like 
the 2-sphere § 2 or the hyperbolic space H 2 . As an illustrative example we refer to 
[MR] and references there in. 

When the ambient space M is a four-dimensional Riemannian manifold of con- 
stant sectional curvature, there are different approaches to the theory of minimal 
surfaces (see among others [B]) that is specially rich if M is an Einstein-Kahler 
surface. In this case one can study their minimal surfaces according with their 
behaviour with respect to the Kahler structure, considering in this way important 
families of surfaces: complex surfaces (which are always minimal), Lagrangian sur- 
faces, totally real surfaces, etc. (see for instance [W]). The most relevant ambient 
space in this setting is the complex projective plane, whose minimal surfaces have 
been extensively studied. 

Besides the complex projective plane, there is another only Hermitian symmetric 
space of compact type and complex dimension 2: the Einstein-Kahler surface S 2 x 
§ 2 . In this article we start the study of their minimal Lagrangian surfaces. In 
section 2, we give a brief introduction to the geometry of § 2 x S 2 as well as their 
Lagrangian surfaces, appearing a function C on the surface (called the associated 
Jacobian) which is studied in depth and will play an important role along the paper. 
In section 3 we show two recipes for constructing Lagrangian surfaces of § 2 x § 2 : 
as graphs of area-preserving diffeomorphisms of the sphere S 2 (see Example 1) or 
as Gauss maps of certain surfaces of the Euclidean space K 4 (see Example 2). 

In section 4 we first classify the compact Lagrangian surfaces of S 2 x § 2 with 
non null parallel mean curvature vector (Theorem 1), by defining two holomorphic 
differentials on the surface that allow to prove that the associated Jacobian C is an 
isoparametric function. We also study general properties of the minimal Lagrangian 
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surfaces of S 2 x S 2 , showing that the zeroes of the non negative function 1 — 4C 2 are 
the zeroes of a holomorphic 2-diffcrcntial defined on the surface (see Proposition 5 
for some consequences of this fact). Secondly we classify the minimal Lagrangian 
surfaces of § 2 x § 2 with constant Gauss curvature and provide rigidity results about 
the Gauss curvature of these surfaces (Theorem 2). The Gauss maps of orientable 
minimal surfaces of § 3 C M 4 are weighty examples of minimal Lagrangian surfaces 
of § 2 x S 2 (see section 4.3). In Theorem 3 we prove a local converse of this fact, by 
establishing that any simply-connected minimal Lagrangian surface of S 2 x § 2 such 
that 1 — 4C 2 has not zeroes is the Gauss map of a minimal surface of § 3 C M 4 . 

A significant fact that also motivates the present paper is that the only example 
of extremal metric on a Klein bottle, i.e. a critical metric for the functional first 
eigenvalue of the Laplacian, recently discovered by D. Jakobson, N. Nadirashvili 
and I. Polterovich [JNP], can be described as the induced metric on the minimal 
Lagrangian Klein bottle embedded in § 2 x S 2 defined by 

B = {((a;, z), (y, w)) £§ 2 x§ 2 / 2x = y, K{V~zw) = %{sfrw)}, 

where we consider § 2 = {(x, z) e R x C / x 2 + \z\ 2 = 1}. As a consequence, B is a 
Hamiltonian stable minimal Lagrangian surface, i.e. a minimal Lagrangian surface 
stable for the area under Hamiltonian deformations of § 2 x § 2 . 

In section 5 we study the second variation of the area functional for compact 
minimal Lagrangian surfaces of § 2 x S 2 proving the following uniqueness results: 

The totally geodesic Lagrangian sphere 

M = {(x, -x) e § 2 x § 2 / x e S 2 } 

is the unique stable minimal Lagrangian compact surface o/S 2 x S 2 . 

The totally geodesic Lagrangian sphere M , the totally geodesic La- 
grangian torus 

T = {(x,y)e§ 2 x§ 2 /x 1 =y 1 = 0} 

and the minimal Lagrangian Klein bottle B are the unique Hamil- 
tonian stable minimal Lagrangian compact surfaces of § 2 x § 2 with 
genus g < 2, when the surface is orientable, and with Euler charac- 
teristic x > 0, when the surface is non orientable. 

The index of an unstable minimal Lagrangian compact surface of 
§ 2 x § 2 is at least 2 and it is 2 only for the totally geodesic La- 
grangian torus T. 

2. Lagrangian surfaces in S 2 x § 2 

Let § 2 be the unit sphere in the Euclidean space R 3 endowed with its standard 
Euclidean metric (, ) and its structure of Riemann surface given by J x v = x x v, for 
any v G T X S 2 , x e S 2 , where x stands for the vectorial product in M 3 . Its Kahler 
2-form is the area 2-form uj defined by uj (v, w) = (J x v, w) = det{x, v, w} for any 
v,weT x S 2 . 

We endow § 2 x S 2 with the product metric (also denoted by (, )) and the product 
complex structure J given by 

J(x, y ){v) = (JxVi,J y v 2 ) = (xxv 1: yx v 2 ), 
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for any v = {vi,v 2 ) £ T {x . y) {$ 2 x § 2 ), (x,y) £ § 2 x § 2 , which becomes § 2 x § 2 in 
a Kahlcr surface. Its Kahlcr 2-form is uo — -k\uoq + tt^ojo where 7r,, i = 1,2, are the 
projections of S 2 x § 2 onto § 2 . 

The group of isometries of S 2 x § 2 is the subgroup of the orthogonal group 0(6) 
given by 

(2-1) {(£ ),( ^)/A^0(3) 

The subgroup of holomorphic (resp. subset of antiholomorphic) isometries of S 2 x 
§ 2 is defined by the additional conditions A,B £ S0(3) (resp. detA = dct£> = 
— 1). We point out that there are isometries of § 2 x § 2 neither holomorphic nor 
antiholomorphic . 

Considering S 2 x S 2 c S 5 (\/2) C R 6 and denoting by a the second fundamental 
form of § 2 x § 2 into R 6 , we have that 

(2.2) a(v,w) = (-(v 1 ,wi}x,-(v2,w 2 }y), 

where v = (v u v 2 ),w = (w u w 2 ) £ T {x , y) ($ 2 x S 2 ), (x,y) £ § 2 x § 2 c R 3 x R 3 . It is 
clear that a satisfies 

(2.3) a(Jv, Jw) — a(v,w), 

what implies that the mean curvature vector H of S 2 x S 2 in R 6 is given by 

(2.4) 2H (x , y) = -(x, y), V(z, y) £ S 2 x S 2 . 

In particular, § 2 x § 2 is a minimal hypersurface of § 5 (\/2). Using now the Gauss 
equation of § 2 x § 2 into R 6 , we obtain that § 2 x § 2 is an Einstcin-Kahler surface 
of constant scalar curvature 4. 

As an Hermitian symmetric space, we can identify S 2 x S 2 with the Grassmann 
manifold G + (2,4) of oriented 2-plancs in the Euclidean space R 4 in the following 
way. Let A 2 R 4 = {dA w/v, w £ R 4 } = R 6 be the space of 2-vectors in R 4 endowed 
with the Euclidean metric ((, )) given by 

((v A w,v' A w'}) = (v,v')(w,w') — (v,w')(w,v'), 

for any v, w, v' , w' £ R 4 . We define the subspaces A±R 4 of A 2 R 4 generated by the 
unit vectors 

E± = ^( e i A e 2 ± e 3 A e 4 ), 

E± = -^( e i A e 3 ± e 4 A e 2 ), 
„ 1 

E± = —j={e\ A e 4 ± e 2 A e 3 ), 
v2 

where {ei, e 2 , e 3 , e 4 } is an oriented orthonormal frame of R 4 , and denote by E>± the 
unit spheres in the 3-spaces A^R 4 . 

If {v\,v 2 } is an oriented orthonormal frame of a plane P £ G + (2, 4) and take v 3 , 
v 4 in such a way that {v\, v 2l w 3 , V4} is an oriented orthonormal frame in R 4 , then 
the map 

G+(2,4) -^S^x§ 2 _ 
P 1 ^ {^2^ Vl A «2 + «3 A v 4 ), -^( v i A v 2 - v 3 A v 4 ) 
defines a diffcomorphism. 
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Let $ = ((f), if>) : E — > S 2 x S 2 be an immersion of a surface S and denote by 
g = <j>* (, ) + tp* (, ) the induced metric. The immersion <I> is said to be Lagrangian if 
<&*w = 0, i.e. 4)*uj + ip*Lo = 0. This means that 

= (Jd$ p (v),d$ p (w)) = (Jd(j) p (v),d(j} p (w)) + (Jdipp(v),dipp(w)), 

for any peE and v, w € T p E. 

If $ = (0, ^)) : S — > S 2 x § 2 is an immersion of an oriented surface with area 
2-form ws, we can define the Jacobians of <j> and tp by 

4>*Ldo = Jac ((p) V* w o = J ac (VO wj. 

Hence, when E is oriented, $ is Lagrangian if and only if Jac((f>) = —Jac(tf)). We 
will call the function 

(2.5) C := Jac(0) = -Jac(^) 

the associated Jacobian of the oriented Lagrangian surface E. Moreover, if E is 
compact, we have that 

(2.6) deg (0) = -dcg (V) - f C c^ s := d. 

We will call this number d the degree of the oriented compact Lagrangian surface 
E. 

In general (when E is not necessarily orientable), the square (0*wo) 2 and (if>*uio) 2 
are well-defined and so it is also well-defined the function 

C 2 = (Jc%(ei),(%(e 2 )) 2 = (Jdif) p (ei),di) p (e2)) 2 = 
= |<%(ei) x d0p(e 2 )| 2 = |#p(ei) x dip p (e 2 )\ 2 , 

where {ei,e2} is an orthonormal basis of (T p Y,,g). If R denote the curvature ope- 
rator of § 2 x § 2 , from (2.2) it is easy to prove that R(e\, e 2 , e 2 , ei) = 2C 2 . So the 
Gauss equation of $ can be written as 

I 1 2 

(2.7) K = 2C 2 + 2\H\ 2 - 

where K is the Gauss curvature of E, H the mean curvature of $ and a the 
second fundamental form of <&. Thanks to the Lagrangian character of $, the 
complex structure J defines an isomorphism between the tangent bundle to E and 
the normal bundle of <&. Therefore, {d^ p (e\), d$ p (e 2 ), Jd<& p (ei), Jd$ p (e 2 )} is an 
orthonormal frame at T$(p)(§ 2 x 8 2 ), and using (2.3) and (2.4), we obtain that 

2 

(2.8) -2$(p) = 4H 9{p) = 2 ^(d%(e i ),d%(e i )). 

i=i 

Since $ = ((f), -ip) is normal to § 2 x § 2 into § 5 (V2), we have that (H, $) = 0. If 
we use (2.2), (2.8) and the fact that {ei, e 2 } is an orthonormal frame in the above 
equality, we prove that 

(2.9) M0p(ei)| 2 + |#p(e 2 )| 2 = |(%(ei)| 2 + |^ P (e 2 )| 2 = 1. 

In particular, the maps (f), if) : E — ► § 2 satisfy that the ranks of d<^> and df/> at any 
point of S are always positive. Hence, if C = then the ranks of d<f> and df/> at any 
point must be necessarily 1 and so both functions (f> and if) define curves in S 2 . It 
is clear that the product of two spherical curves is a Lagrangian surface in § 2 x S 2 
with null associated Jacobian. In conclusion, we get the following result. 
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Proposition 1. Let <j> : E — > § 2 x § 2 6e a Lagrangian immersion. Then C = if 
and only if $ is locally the product immersion of two spherical curves 

Ix T — >S 2 xS 2 
(t,s)->(a(i), /?(*)). 

If wc consider the product of two great circles of § 2 , we obtain a Lagrangian 
surface congruent to 

(2.10) T = {(x,y) g S 2 x § 2 /.ti =yi = 0} = S 1 x S 1 . 

Of course, the associated Jacobian of T is null and its degree is zero. In addition, 
T is totally geodesic and flat. 

We also get from (2.5) and (2.9) that 

(2.11) (l# P (ei)| 2 - \d<t> P (e 2 )\ 2 ) 2 + 4<d0 p (ei), d</> P (e 2 )) 2 = 

= (|<%( ei )| 2 - \d^ p (e 2 )\ 2 ) 2 + 4<<%(ei),# P (e 2 )) 2 = 1 - 4C 2 (p), 

which implies that C 2 (p) < 1/4 and the equality holds if and only if <j> and ip are 
conformal maps at p e E. If C 2 = 1/4, we have that <p and ip are conformal maps 
and (2.9) implies that 

(2.12) ^%>=V%>=<7/2. 

In particular, and tp are local diffeomorphisms. Thus, the immersion $ can be 
locally reparametrized by 

$ = (i,F) : U C § 2 — > § 2 x § 2 , 

where i is the inclusion of U into S 2 and F is a diffeomorphism from U onto 
F{U). But (2.12) means that F is the restriction to U of an isometry A of § 2 . 
Moreover, as A*luq + luo = we have that det A = — 1. So our immersion is locally 
holomorphically congruent to (i, —i) : U — > § 2 x § 2 by the holomorphic (see (2.1)) 

isometry ^ ^ ^4 ) summa " zc tn ^ s ^ n tnc f°ll° wm g result. 

Proposition 2. 7/ $ : E — > S 2 x S 2 is a Lagrangian immersion then C 2 < 1/4 
and C 2 = 1/4 i/ and oraZy i/ <&(E) is congruent to an open subset of the Lagrangian 
surface M o/ § 2 x S 2 defined by 

(2.13) Mo = {(i,-x)eS 2 xS 2 /ie§ 2 }- 

It is easy to check that M is totally geodesic with C = 1/2, d = 1 and its Gauss 
curvature is constant K = 1/2. 

In [CN] it was proved that the totally geodesic Lagrangian surfaces of § 2 x S 2 
are congruent to open subsets of M or T. 

We study now the orientable compact Lagrangian surfaces embedded in § 2 x § 2 . 

Proposition 3. Let $ : E — > § 2 x S 2 &e a Lagrangian immersion of an orientable 
compact surface E. 7/ $ is an embedding, then either the genus of E is zero and 
the degree o/$ is ±1 or the genus o/E is one and f/ie degree o/$ is zero. 

Proof. In that follows, we use the notation of [W, Section 3]. We denote by [S] € 
tf 2 (E,Z) the fundamental homology class of E and by $*[E] # G ff 2 (§ 2 x § 2 ,Z) 
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the Poincare dual of $* [S] G H 2 (§ 2 x § 2 , Z) . The self- intersection number of $ is 
defined by 

1$ = U $4S] # )([S 2 x § 2 ]). 

Since $ is an embedding, it is given by 1$ = xC^E), where x^S) is the Eulcr 
number of the normal bundle. But 

(*.[£]# U $4S]#)([§ 2 x § 2 ]) = (*.[E]#)(*.[£]# n [§ 2 x § 2 ]) 
= ($.[S]#)(*.[E]), 

and, using that $ is a Lagrangian immersion, x(T-'-S) = — x(S) = 2(<? — 1), where 
g is the genus of S. Hence, we obtain that 

(2.14) (*.[E]#)($.[S]) = 2(5-1). 

On the other hand, if a; is a point of § 2 , we know that [§ 2 x {x}], [{x} x S 2 ] G 
ff 2 (S 2 x § 2 ,Z) are generators of H 2 {& 2 x § 2 ,Z) = Z 2 . Then it is well-known that 
their Poincare duals satisfy: 

([§ 2 x {x}]#)([§ 2 x {x}}) = 0, ([§ 2 x {x}]*)([{x} x § 2 ]) = 1, 
([{x} x § 2 ]#)([§ 2 x {x}}) = 1, ([{*} x § 2 ]#)([{x} x § 2 ]) = 0. 

As $„[E] = deg (</>)[§ 2 x {x}] + deg (^)[{x} x § 2 ], we obtain that 

([*.[E]#)([*.[E]) = 2deg(^)deg(V). 

Using that deg (ip) — — deg (</>), from (2.14) we finally get that g — 1 = — deg(^) 2 , 
what proves the Proposition. □ 

Remark 1. The totally geodesic Lagrangian surfaces M and T defined in (2.13) 
and (2.10) show that the result proved in Proposition 3 is the best possible one. 

In the following result, we show that M and T are the only examples of compact 
Lagrangian surfaces in § 2 x S 2 with constant associated Jacobian. 

Proposition 4. There do not exist Lagrangian immersions of compact surfaces in 
§ 2 x § 2 with constant C 2 G (0, 1/4). 

Proof. Let $ = (<p,ip) : £ — > § 2 x § 2 be a Lagrangian immersion of a compact surface 
such that C 2 is constant, < C 2 < 1/4. First, since C 2 does not have zeroes, the 
rank of d(f) and dip is 2 at any point of S. So and t/> are local diffeomorphisms and 
the compacity of S implies that they are in fact diffeomorphisms. Therefore £ is a 
sphere, $ must be an embedding and we can consider that C (which is well-defined) 
is a constant C G (0, 1/2). Then Proposition 3 says that the degree d = 1 and so 
Area(£)C* = 4tt from (2.6). 

Next we prove that the Gauss curvature of £ is also constant, concretely K = 
2C 2 : Using the definition (2.5) of C, we have that 

2C(p) = (J# p ( ei ),4(e 2 )),peE, 

where {e l7 e 2 } is an oriented orthonormal frame in T p £ and $ = (cj),—ip). If v G 
T p S, then 

(2.15) 2v(C) = (a(v, e 2 ), Jd*„(ei)) - (<t(u, ei), Jd$ P (e 2 )) = 0. 

Using that the trilinear form (u, v,w) i— > (a(u,v), Jw) is fully symmetric for a 
Lagrangian surface, we can write 

<r(ei, ei) = AJei + ?7Je 2 , <r(ei, e 2 ) = ryJei + ^Je 2 , <r(e 2 , e 2 ) = pJe\ + j/Je 2 , 
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with A, i?),ijl,v S R. Putting in (2.15) v = e\ and v = e 2 respectively and using that 
{ei, e 2 } is an orthonormal frame, we get that 

( M - A) (<%( ei ),<%(e 2 )) + v(\dM^i)\ 2 ~ M^(e 2 )| 2 ) - 0, 
{v-rfi (d0 p (ei),#p(e 2 )) + ^ (|# P (ei)| 2 - |<%(e 2 )| 2 ) = 0. 

Taking into account that 1 — 4C 2 (p) > 0, from (2.11) the last equations imply that 
yu(/i — A) = rj{u — rj). But this is equivalent to \a\ 2 = 4\H\ 2 at any arbitrary point 
p. The Gauss equation (2.7) now gives K = 2C 2 . The Gauss-Bonnet theorem says 
that 2 Area(E)C 2 = 47r, but we proved that Area(S)C = A-k. Thus we get C =1/2, 
which is a contradiction to the hypothesis. □ 

3. Examples of Lagrangian surfaces. 

In this section, we emphasize two interesting ways of construction of Lagrangian 
surfaces in § 2 x S 2 . 

3.1. Graphs of area-preserving diffeomorphisms. Let F : U C § 2 — > S 2 be a 

smooth map defined on an open set U of S 2 and consider the graph of F, 

$ : U — > § 2 x § 2 
$(z) = (a;,F(a;)). 

We have that $ is Lagrangian if and only if w + F*uj = 0. In particular, F must 
be a local diffeomorphism. 

When U = § 2 , F must be a diffeomorphism and the last equation means that 
— F preserves the area of § 2 . As a summary: 

Example 1. If F : S 2 — > S 2 is an area preserving diffeomorphism, the graph of 
—F: 

M = {(x,-F(x)) e§ 2 xS 2 /ie§ 2 }, 

is a Lagrangian surface of § 2 x § 2 . In particular, the totally geodesic Lagrangian 
surface Mo defined in (2.13) is the graph of the antipodal map —I : S 2 —> S 2 . 

On the other hand, if V') : S — > S 2 x S 2 is a Lagrangian immersion of a 

surface S and p € X verifies C 2 (p) ^ 0, then there exists an open neighborhood U 
around p such that <j>, tp : U — ■* § 2 are diffeomorphisms onto their images, and so 
<&(U) is the graph of F = —ip o 

Globally, if $ : S — > § 2 x S 2 is a Lagrangian immersion of a connected compact 
surface S such that C 2 has no zeroes, then E is a sphere, $ is an embedding and 
is the graph of the an area preserving diffeomorphism (with the opposite sign) 
of the sphere § 2 . 

Remark 2. The result proved in Proposition 4 is not true if we do not assume 
the compacity of the surface, because we can construct examples of non compact 
Lagrangian surfaces in § 2 x § 2 whose associated Jacobian is constantly A, for any 
A e (0, 1/2). In fact, we consider the map F : S 2 - {N, S} -» § 2 defined by 

F(x, y, z) = (-e*^ 1 tanh " z (x + iy), z), 

where N — (0, 0, 1) and S — (0, 0, —1). Then, it is straightforward to check that F 
is an area preserving diffeomorphism from § 2 — {N, S} onto itself, and so the graph 
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of-F, 

§ 2 - {N, S} — > § 2 x § 2 
(x,y,z) i ^ ^(x, y, z), (e*^^- tanh_1 z (x + iy), -z)j , 

is a Lagrangian embedding. It is an easy exercise to verify that the above La- 
grangian graph has constant associated Jacobian C = A. 

3.2. Gauss maps of certain surfaces of R 4 . Let \I> : X — ► R 4 be an immersion 
of an oriented surface E, and 

$ : £ — > G+(2,4) 
*(p) = d* P (T p S), 

its Gauss map. If {ei,e 2 } is an oriented orthonormal basis of P (T P £) , taking 
into account the identification given in section 2, $ can be written as 

$ = {(f>, V) : S -> x §2_ c A 2 R 4 , 

where 

= ^|( e i A e 2 + e 3 A e 4 ) = V(p) = ^|( e i A e 2 - e 3 A e 4 ) = Si(p), 

being {ei, e 2 , e3, 64} an oriented orthonormal frame of R 4 at ^(p). Looking at $ 
in A 2 R 4 = M 6 , we note that $(p) = </>(p) + V(p) = \A2(ei A e 2 ) while <l(p) = 

0(P)-^(P) = v / 2(e 3 Ae 4 ). 

For any vector w e it is easy to obtain that 

= «CT(u,e 2 ),e 3 ) + (o-(w,ei),e 4 ))£' 2 (p) 

(3.1) + «6>, e 2 ), e 4 ) - (*(«, d), e 3 )) £^(p), 
# P («) = ((o-(w,e 2 ),e 3 ) - (<5-(u,ei),e 4 ))^ 2 (p) 

+ e 2 ),e 4 ) + (<r(w,ei),e 3 ))^(p), 

where <r stands for the second fundamental form of the immersion ty. Hence, a 
point p £ S verifies that dimKerc?$p > if and only if there exists a non null 
vector v € T p S such that a(v,w) — 0,Vu> G i.e. the index of relative nullity 

(sec [CK]) of ^ at p is positive. 

Using that JE±(p) = E±(p) and the Ricci equation of 'J, from (3.1) we get that 

(3.2) (d$ P {v), d%(w)) = 2 (2(a(v, w),H) - K(v, u;>) , 

(Jd$p(v),d$ p (w)) = -2^- L (w,w,e 3 ,e 4 ), 

Vf),w € where i^T and i?- 1 are the mean curvature vector, the Gauss cur- 
vature and the normal curvature operator respectively associated to the immersion 
Using (3.2) we arrive at the following conclusion: 

Example 2. The Gauss map $ : S — ► x S 2 . 0/ an immersion : £ — > R 4 0/ 
an oriented surface £ is a Lagrangian immersion if and only if ^ has flat normal 
connection and the index of relative nullity of * is zero. In particular, the Gauss 
map of any immersion * : £ — > S 3 C R 4 0/ an oriented surface £ into i/ie 3- 
dimensional unit sphere is a Lagrangian immersion. 
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Remark 3. If is a minimal immersion of an oriented surface (with flat normal 
connection and negative Gauss curvature), from (3.1) we get that both components 
<p and V of its Gauss map $ are conformal and (2.11) says that C 2 = 1/4. In this 
case, $(£) must be congruent to an open set of M according to Proposition 2. 

If we consider the totally geodesic § 2 C § 3 C I 4 , then it is an exercise to check 
that its Gauss map is also the totally geodesic Lagrangian surface M defined in 



It is also easy to obtain that the Gauss map of the Clifford torus {(z, w) e S 3 C 
C 2 / \z\ = \w\ = 1/V2} is given by 

(z,w) e S^l/v^) x S^l/v^) 2((0,-zw),(0,zw)) e§ 2 x S 2 , 

where S 2 = {(x,z) € Ix C / x 2 + \z\ 2 = 1}. We note it is a two fold covering of 
the totally geodesic Lagrangian torus T given in (2.10). 



Let $ = (4>,ip) : £ — * § 2 x§ 2 be a Lagrangian immersion of a surface S. If {ei, €2] 
is an orthonormal frame in S, then {ei, e2, Jei, Je2} is an orthonormal frame in 
$*T(§ 2 x S 2 ) and, using (2.3) and (2.4), we deduce that the mean curvature vector 
H of T, into R 6 is given by 



We consider a local isothermal parameter z = x + iy on E, in such a way that 



h \5x + • Taking into account that J^?) = J$ z ), the Gauss equa- 
tion of $ and (4.1) imply that 



(2.13). 



4. Minimal Lagrangian surfaces 



(4.1) 





), d- z 



(4.3) 





where <l = (0, —ip). 




and deduce that 



(4.6) 

This yields 
(4.7) 



e 4 «(l - 4C7 2 ) = 4|(4> z , $,)| 2 = 16|(0 2 ,^)| 2 = 16|(^,^)| 2 . 



$ z = 2e- 2 "($,,<I> z )<I> z --2iCJcI> z . 
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4.1. Lagrangian surfaces in § 2 x § 2 with parallel mean curvature vector. 

We first classify the compact Lagrangian surfaces of § 2 x § 2 with non null parallel 
mean curvature vector. 

Theorem 1. Let $ : E — > S 2 x § 2 be a Lagrangian immersion with non null 
parallel mean curvature vector of a compact surface E. Then $ is congruent to a 
finite covering of one of the embedded tori 

T a , b = {{x, y) e S 2 x § 2 / x x =a, yi = b}, 

with a, be [0, 1), a 2 + b 2 > 0. 

Proof. Since the mean curvature vector H is a non null parallel vector field and the 
immersion is Lagrangian, JH is also a non trivial parallel vector field on E. Hence 
the surface E is flat. Using (2.7), this implies that |er| 2 = 4(|i?| 2 + C 2 ). Therefore, 
taking the two-fold oriented covering of E if necessary, E is a torus. 
Using (4.3), we can check that the 1-differential T on E defined by 

T(z) = (H, J<S> z )®dz, 

is holomorphic. Since T docs not vanish because H is non null, we can normalize 
it by T = (l/2)(dz), i.e. 2(H,J$> Z ) = 1. Derivating this equality and using again 
(4.3), we have that 

= (H, J$ z ) z = (H, 2u z J$ z ) = u z . 

This means that u is constant, say fieR, and so \H\ 2 = Ae^ 2fJ -(H, J<& z ) 2 = e~ 2fl . 
We define now a 4-differential on E by 

E(z) = (8(H, J<t> z )(<t> zz , J4> z ) + $,) 2 ) ® (dz) 4 

= (±{<!> ZZ ,J<S> Z ) + {<S> Z ^ Z ) 2 ) ®{dz)\ 

Using (4.3), (4.6) and the fact that u is constant, it is easy to prove that 5 is also 
holomorphic. Since E is a torus, S can be written as 5 = Xe te (dz) 4 , with A > 
and 9 e K. 

Under these conditions, we are going to compute the gradient and the Laplacian 
of C. From (4.5), (4.3) and (4.6), we obtain that 

e- 2fl 

iC z = -2e-^(<£ zz , J* z )<$ s ,$ 2 ). 

Since |VC| 2 = Ae^\C z \ 2 , using (4.2) and (4.7), we obtain that 
1 — AC 2 

|VC7| 2 = ^— (e" 2 " + 2C 2 ) - 8e- 8 ^(($ zz ,J$ z )($ z , <i> z -} 2 ), 

where 3? denotes real part. But as 5 = \e l6 (dz) 4 we have that 

A 2 = e 4 » + Ae^C 2 + € — (l - 4C 2 ) 2 + 83?(($ z „ J<A> Z )(<A>- Zl <f z -} 2 ). 
The last two equations allow to get that 

(4.8) |VC| 2 =e^(l - Aae -^ )+ 8e-^(l+4g 3 ) + (l-4^(l + 12C) j 

On the other hand, derivating C z with respect to z and using (4.3) and (4.6), we 
obtain that 

C z - Z = -c(l + ^- + e 2 »cA . 
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Since AC = 4e 2tl C zz , we finally deduce that 

(4.9) AC = -C(l + 4e- 2 ^ + 4C 2 ). 

Equations (4.8) and (4.9) mean that the function C is isoparametric. 

Then we follow an standard reasoning. We work on the open set U where 
VC ^ 0. We are going to prove that U = and so C must be constant. For this 
purpose, taking into account that K = 0, the Bochner formula says that 

iA|VCf = (VC, V(AC)) + |V £l VC| 2 , 

i=l 

where {ei, e2} is any orthonormal frame on [/. Using (4.8) and (4.9), we can easily 
prove that 

A|VC| 2 = C(l + 4e- 2 ^ - 12C 2 )AC + (1 + 4 e - 2 ^ - 36C 2 )|VC| 2 , 
(VC,V(AC)) = -(l + 4e- 2 ^ + 12C 2 )|VC| 2 . 

We now take on U the orthonormal frame {ei = VC/|VC|,e 2 }. From (4.8) and 

(4.9) it is not difficult to obtain that 

|V e ,VC| 2 = C 2 Q + 2e- 2 ^ - 6C 2 ) ' + C 2 Q + 6 e - 2 ^ - 2C 2 ) ' . 

Using the last three expressions on the Bochner formula, after a long straightforward 
computation, we finally arrive at 

= 16e 8 ^C 4 + (288e 6 ^ + 72e 8 ^)C 2 + 48A 2 - 48e 4 ^ - 24e 6 ^ - 3e 8 ^, 

which implies that C is constant on each connected component of U. This is 
impossible and so U = 0. Thus VC = and C must be constant. Looking at (4.9) 
we deduce that C = 0. Proposition 1 says that 4> is locally the product of two 
spherical curves. In this family of surfaces, it is easy to check that H is parallel 
and non null if and only if both curves have constant curvature non simultaneously 
zero, i.e. both curves are circles of § 2 . This finishes the proof. □ 

4.2. Geometric properties. Let $ = ((f), iji) : S — > § 2 x S 2 be a minimal La- 
grangian immersion of a surface S. The first equation of (4.3) implies that 4> Z z = 
— ^-cp and ip Z z = —Z-^-ip. This means that (j),ip : (S,.g) — ► (§ 2 , (,)) are harmonic 
maps. Thus the associated Hopf differential 

O(z) = (<f) z ,<f> z ) <8> [dzf = -(ip z ,ip z ) ® [dzf = $ z ) ® [dzf 

is holomorphic. Hence 6 vanishes identically or it has isolated zeroes. From (4.7), 
we have that 

(4.10) 16|6| 2 = e 4 "(l -4C 2 ). 

Therefore, either C 2 is constantly 1/4 and, according to Proposition 2, our surface 
is congruent to an open subset of M , or the points where C 2 = 1/4 are isolated. 

On the other hand, using some properties of harmonic maps studied by Schoen 
and Yau in [SY] (see also Chapter 5 of [J]) we have that, if 9 is not identically 
zero, the functions (1 + 2C)/4 and (1 — 2C)/4, outside the isolated points where 
they vanish, satisfy (see Lemma 5.2.1 in [J] or formulae (16) and (18) in [SY]): 

1 -I- 1C 1 — 2C 

(4.11) A log =2K- 2C, A log — - — = 2K + 2C. 
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Taking into account all this information, we obtain the following result. 

Proposition 5. Let $ : S — > S 2 x S 2 fc a minimal Lagrangian immersion of a 
surface S. Then: 

(1) Either C 2 = 1/4 and $(£) is an open se£ of the totally geodesic Lagrangian 
surface Mo or £/ie points of £ where C 2 — 1/4 are isolated. 

(2) If Yi is a sphere, then is congruent to Mo. in particular, a real 
projective plane cannot be immersed in S 2 x § 2 as a minimal Lagrangian 
surface. 

(3) If T, is a compact orientable surface of genus g>l, then the degree d of $ 
satisfies 

l-g-d=-N~/4, 1 - g + d = -N+/4, 

being N~ (respectively N + ) the sum of all orders for all zeroes of 1 + 2C 
(respectively 1 — 2C). In particular, ifY, is a torus, then C 2 < 1/4 and the 
degree of $ is zero, i.e., J E C dv g = 0. 

Proof. Part (1) is clear. If E is a sphere, the Riemann-Roch theorem says that 
O = 0, which means C 2 = 1/4 and part (2) follows. Part (3) is proved integrating 

(4.11) and using Lemma 5.2.3 in [J] or formulae (6) and (7) in [SY]. □ 

Next we prove some general properties of the minimal Lagrangian surfaces of 
§ 2 x § 2 related with their Gauss curvatures. 

Theorem 2. Let $ : E — > § 2 x S 2 be a minimal Lagrangian immersion of a surface 
E. 

(1) If the Gauss curvature KofYis constant, then $(E) is congruent to some 
open subset of the totally geodesic Lagrangian surfaces Mo or T. 

(2) I/E is complete and the Gauss curvature K is non negative, then $(£) is 
congruent to the sphere M or to the torus T. 

(3) IfTi is complete, the Gauss curvature K is non positive and 1 — 4C 2 > e > 
for some constant e, then $(£) is congruent to T. 

Proof. From (4.5) and (4.7) we get that 

(4.12) |VC| 2 = (1 ~ 4C ')( 2C2 Z , AC = -C(l + 4C 2 -4K). 

Suppose now that K = a, with a e M. Then (4.12) says that the function C is 
isoparametric. We follow a similar reasoning to the used in the proof of Theorem 
1. We work on the open set U where VC ^ 0. We are going to prove that U = 
and so C must be constant. Using that K = a, the Bochner formula gives 

i 2 

-A|VC| 2 = a\VC\ 2 + (VC, V(AC)) + ]T |V £i VC| 2 , 

i=l 

where {ei, e-{\ is any orthonormal frame on U. Using (4.12), it is easy to prove that 

A|VC| 2 = 2C(1 + 2a - 8C 2 )AC + 2(1 + 2a - 24C 2 )|VC| 2 , 
(VC,V(AC)) =-(l-4a + 12C 2 )|VC| 2 . 

We take on U the orthonormal frame {e\ — VC/|VC|,e 2 }. From (4.12) we obtain 
that 

2 

|V ei VC| 2 = C 2 (l + 2a - 8C 2 ) 2 + C 2 (2 - 2a - 4C 2 ) 2 . 

i=l 
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Using the last three expressions on the Bochner formula, we finally arrive at 

= (1 - 4C 2 ) ((3a 2 /2 - a) + (9a - 4)C 2 ) , 

which implies that C is constant on each connected component of U. This is 
impossible and so U — 0. Hence VC = and so C is constant. But using once 
again (4.12) we obtain that C = or C 2 = 1/4. In the first case, Proposition 1 says 
that $ is locally the product of two spherical curves. In this family of surfaces, it is 
easy to check that H is null if and only if both curves have zero curvature, i.e. both 
curves are great circles of S 2 and this leads to T. In the second case, Proposition 
2 leads to Mo. This finishes the proof of part (1). 

In order to prove parts (2) and (3), we first compute the Laplacian of the non 
negative function 1 — 4C 2 . In fact, from (4.12), it is clear that 

(4.13) A(l - 4C* 2 ) = AK(1 - AC 2 ) + 16C 2 |ct| 2 . 

If K > 0, then (4.13) says that 1 — 4C 2 is a subharmonic function that satisfies 
1 — 4C 2 < 1. Since E is a complete non negative curved surface, the maximum 
principle implies that 1 — 4C 2 is constant. From (4.13) we have that K = C = 
or a = 0. This finishes the proof of part (2). 

To prove part (3), we make use of (4.12) in order to obtain 

(4.14) Alog(l-4C* 2 ) = AK. 

Then (4.14) implies that go = (1 — 4C 2 ) 1 / 2 <? is a flat and complete metric and hence 
E is parabolic. If A is the Laplacian of g , then we deduce from (4.14) that 

A log(l-4C 2 )= (i _ 4 4 g 2)1/2 <0. 

We have that log(l — 4C 2 ) is a superharmonic function and is indeed bounded away 
from zero if 1 — 4C 2 > e > 0. So it must be constant and so K = what finishes 
the proof. □ 

4.3. Minimal Lagrangian surfaces as Gauss maps. We emphasize important 
examples of minimal Lagrangian surfaces of S 2 x § 2 . Let ^> : E — > W 4 be an 
immersion of an oriented surface E and <j> = ((/>, vb) : E — > S\ x S 2 . its Gauss map 
(see section 3.2). It is well-known (see [RV]) that $ is harmonic if and only if 
^> has parallel mean curvature vector. From (3.2), $ is a conformal map if and 
only if Ajj = \H \ 2 I, where A is the Weingarten endomorphism of the immersion ^ 
and I denotes the identity map. Thus, <f> is minimal if and only if 'J has parallel 
mean curvature vector and A^ = \H\ 2 I- If \& is minimal, then $(2) must be an 
open set in Mo (see Remark 3). If if is non null, we deduce that 'J is a minimal 
immersion in a 3-dimensional sphere of radius l/|-ff|. Up to translations and scale, 
we can consider that ^ lies in the 3-dimensional sphere of radius 1 centred at 0. In 
conclusion: 

The Gauss map $ = ((f), tjj) : £ — > x S 2 . of a minimal immersion 
^ : E — > S 3 of an oriented surface E in the 3-dimensional unit 
sphere is a minimal Lagrangian immersion in S 2 x § 2 . 

We focus our attention in this last case. Let "J" : E — > S 3 be a minimal immersion 
of an oriented surface in § 3 and let a be now its second fundamental form. The 
Gauss equation of $ is written as K = 1 — \<r\ 2 /2. We obtain from (3.2) that 
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the induced metrics g and g on S by the immersions $ and respectively are 
conformal. Concretely: 

(4.15) g = (2 + \a\ 2 )g. 

Moreover, using (3.1), (4.15) and the Gauss equation of 'J, it is not difficult to 
check that the associated Jacobian C of the minimal Lagrangian immersion <I> 
coming from the Gauss map of W (which is defined by C(p) = (Jd(j) p (v), d4> p {w)) , 
where {v,w} is an oriented orthonormal frame in (£,<?)) is given by 

(4.16) C k 



2(2+|a| 2 ) 2+|«t| 2 

Hence, from (4.16) we deduce that —1/2 < C < 1/2 and the points where C =1/2 
correspond to the isolated zeroes of a. In addition, if £ is compact, using (2.6), 
(4.15), (4.16) and the Gauss-Bonnet theorem, its degree d is given by 

d=±-^Cdv 9 = ±-Jjdv, = l-g, 

where g is the genus of S. In particular (see Proposition 5), N~ = and N + = 
80/- 1). 

On the other hand, another "Gauss map" N : S — > § 3 is defined pointwise for 
W : £ — > § 3 C K 4 as the image of the unit normal in § 3 translated to the origin 
in R 4 . The image N(E) is called a polar variety in [L] and it is a minimal surface 
with singularities occurring at the points where K = 1. If we consider the Gauss 
map of N, we find a minimal Lagrangian immersion in § 2 x S 2 which induces the 
same metric that ^ but changes the sign of C. One can check that it is exactly the 
Gauss map $ of with the opposite sign. Moreover, we can choose N in such a 
way that the pair {>]/, N} is oriented in a compatible way so that (see section 3.2) 
$ = (<t>, -tp) = \/2(* A N). The immersion 

$:£^§^x§2_C§ 5 (V2) 

defines (see [L]) a minimal immersion in § 5 (-\/2) which is known as the bipolar of 
5'. Thus we deduce that the Gauss map $ = (<fi, tp) and the bipolar $ = (0, —ip) of 
the immersion "J arc congruent immersions since <t = 1$ but we point out that the 

isometry I = ^ ^ ^ ^ is neither holomorphic nor antiholomorphic (see section 
1). 

Thanks to the work of [L] and using this procedure we can assert: 

Every compact Riemann surface of arbitrary genus can be immersed 
in § 2 x S 2 as a minimal Lagrangian surface. 

The next result shows that, outside a set of isolated points, any minimal La- 
grangian surface in S 2 x § 2 is locally the Gauss map of a minimal oriented surface 
in § 3 . 

Theorem 3. Let $ : E — > S 2 x S 2 be a minimal Lagrangian immersion of a simply- 
connected surface S with C 2 < 1/4. Then $ is congruent to the Gauss map of a 
minimal immersion $:S^S 3 cK 4 in the 3- dimensional unit sphere ofM. 4 . 

Proof. Since $ is minimal and C 2 < 1/4, from (4.10) we know that Q(z) = (^5-*} 
(dz) 2 is a holomorphic 2-differential without zeroes. So, up to a change of complex 
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coordinate on X if necessary, we can normalize it on £ by <d(z) — e ie (dz) 2 , 6 6 M. 
This implies that 

(4.17) =2e ie , 
and (4.7) gives 

(4.18) 1 - 4C 2 = 16e- 4M . 
Then (4.3), (4.5) and (4.17) lead to 

* e 2 "C z =4e- 4e e - 2 «(<& zz ,J$ z ), 

so that we obtain that 

e 8 "|C z | 2 = 16|($^,J$ z )| 2 = e 6 >| 2 . 

Using this in the Gauss equation (2.7), we deduce that the Gauss curvature K of 
the surface is given by K = 2C 2 — e 2u \C z \ 2 /2. Since Au zz = -e 2u K, from (4.3) and 
(4.6) we finally can reach that the Gauss and Codazzi equations of the Lagrangian 
immersion $ are equivalent to 

p iu\n |2 

(4.19) 2u zz + e 2u C 2 ~ ^ =0, 1 - 4C* 2 = 16e- 4tl . 

Taking into account that — 1 < 2C < 1, we can now define the function v on £ by 
tanh2?; = 2C. Using (4.18) we have that e 2u — 4cosh2v and it is easy to check 
that equations (4.19) are equivalent to the sinh-Gordon equation 

, . sinh2v 

(4.20) v zz + — ^— = 0. 

It is well known that for any solution v of (4.20) there exists a one-parameter 
family ^ : (£, e 2t, |<iz| 2 ) — ► § 3 , ■& € K, of minimal isometric immersions of our 
simply connected surface, where its associated holomorphic 2-differential E®(z) — 
($i,Nf) ® {dz) 2 , with N* the unit normal to ^ such that **, tf* iV 5 } is 
an oriented frame, has been normalized by S — e 1 " 6 (dz) 2 /2. 

We study now the Gauss map of The Gauss equation of ~$>® gives 

that the norm of its second fundamental form is given by 2e~ 4t> and then (4.15) 
implies that the induced metric by ^ is given by e 2u \dz\ 2 . In addition, (4.16) 
says that the associated Jacobian to ^ is C. Using a complex coordinate on E, 
we can write (sec section 3.2) = -2y/2ie~ 2v <J-f A tff and J 5 = v^** A 
and it is not difficult to get that the holomorphic 2-differential associated to is 
8 (z) = —ie (dz) 2 . In addition, equation (4.20) means that the functions u and C 
satisfy the compatibility equations (4.19). Therefore, our immersion $ is congruent 
to the Gauss map § e +*/ 2 of <5 e +V 2 . □ 

4.4. A distinguished example. We emphasize an interesting example of a Klein 
bottle studied in [EGJ] and [JNP] whose double cover is an § 1 -equivariant minimal 
torus in § 4 . Up to congruences, we are going to look at it as a minimal Lagrangian 
Klein bottle embedded in § 2 x § 2 . We consider § 2 ={(i,z)elxC/i 2 l \z\ 2 = 1} 
and define 

(4.21) B = {((x,z),(y,w)) eS 2 x§ 2 /2x = y, $t(y/Zw) = Q(y/zw)}, 

where stands for the main branch of the square root. We must point out that 
\z\ 2 = 1 - y 2 /4 > 3/4. We are able to give a conformal paramctrization of the 
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universal covering of B by means of elementary Jacobi elliptic functions (sec [BF] 
for background): 

(4.22) $ B = (0, VO : -> S 2 x § 2 

with 

= (-sn(2V3t),z(2sn 2 (V3t) -3)e7f) , 

iKM) = (-2sn(2V3t), -*(4sn 2 (V3t) - 3)e^r 

where sn, cn and dn stand for the sine amplitude, the cosine amplitude and the 
delta amplitude with modulus p = 2\/2/3. 

The corresponding group of transformations in R 2 which defines B is generated 

by 

, . / 2V3K \ . , / s/?,K V3it\ 
{t,s)^ \ t+ — - — , s , (t, s) i-> — t,s+ —— , 
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where K is the complete elliptic integral of the first kind with modulus p = 2\/2/3. 

We remark that <J>b is the Gauss map of the minimal immersion W : M 2 — > S 3 
given by 

*(*,«) = (cn(V3t)e 4V ^ s ,sn(\/3t)e^) . 

This is also a conformal parametrization of the universal covering of Lawson's t^a 
torus described in [L] by the orthogonal parametrization (u, v) y— > (cos v e 3m , sin v e lu ). 
In addition, the Gauss map of Lawson's t^^ torus is a four-fold covering of the dou- 
ble cover torus of B. Following the notation of the proof of Theorem 3, Lawson's 
T3.1 torus corresponds to the solution v = v(t) = log(\/3 dn(\/3i)) of equation (4.20) 
depending on only one variable, satisfying tanhw(O) = 1/2, v'(0) = and choosing 
iS = it/2 (or 9 = 0). 

We point out that $b is a minimal immersion in § 4 (-\/2) (note that B lies in 
the hyperplane 2x = y of K 6 ) and, making use of (4.22), it is not difficult to 
compute the area of B using the above data. A straightforward computation leads 
to Area(B) = 12nE, where E is the complete elliptic integral of the second kind 
with modulus p = 2\/2/3. Then Theorems 1.3.1 and 1.4.1 in [JNP] show that the 
first positive eigenvalue Ai of the Laplacian A (acting on functions) of the Klein 
bottle B is Ai(B) = 1. 

5. Second variation of minimal Lagrangian surfaces 

Let $ : E — > § 2 x § 2 be a minimal Lagrangian immersion of a compact surface 
Ti. We identify the sections on the normal bundle r(T- L E) with the 1-forms on £ 

by 

(5.1) r(T-'-E) = fi x (E) 

? = a 

being a the 1-form on E defined by a(v) = w( ( E ) *w, ^) for any v tangent to E. In this 
way, the Jacobi operator of the second variation of the area becomes in an intrinsic 
operator, which is given by (see [O]) 

L : n\T,) -» O x (E) 
a 1 ► Aa + a, 
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where, in general, £1 P (E), p = 0, 1,2, is the space of p-forms on E and A is the 
Laplacian of the induced metric, i.e. A = Sd + d8, where 5 is the codifferential 
operator of the exterior differential d. 

Hence, the index of$>, that we will denote by Ind(E), is the number of eigenvalues 
(counted with multiplicity) of A : — > less than 1. 

In order to study the Jacobi operator, we consider the Hodge decomposition 

fi^E) = #(E) dtt°(E) (5f7 2 (S), 

which allows to write, in a unique way, any 1-form a as a = ao + dg + 5(3, being ceo 
a harmonic 1-form, g a real function and (3 a 2-form on E. The space of harmonic 
1-forms, -ff(E), is the kernel of A and its dimension is the first Betti number /3i(E) 
of E. As A commutes with d and 5, the positive eigenvalues of A : fi 1 (E) — > 1 (E) 
are the positive eigenvalues of A : f2°(E) — > £1°(E) joint to the positive eigenvalues 
of A : fi 2 (E) -> ft 2 (E). Therefore 

(5.2) Ind (E) = /3i(E) + Ind (E) + Indi(E), 

where Indo(E) is the number of positive eigenvalues (counted with multiplicity) of 
A : f2°(E) — > fi°(E) /ess £/ian 1 and Ind\{Ti) is the number of positive eigenvalues 
( counted with multiplicity) of A : fi 2 (E) -> fi 2 (E) Zess ttan 1. 

The variational vector fields of the Hamiltonian deformations of the Lagrangian 
surface E are the normal components of the Hamiltonian vector fields on S 2 x S 2 . If 
F : § 2 x § 2 — > R is a smooth function and X = JVi 71 is its associated Hamiltonian 
vector field on S 2 x S 2 , the 1-form associated to the normal component of X, via 
the identification (5.1), is d(F o $). Thus our minimal Lagrangian compact surface 
E is Hamiltonian stable, i.e. stable under Hamiltonian deformations, if the first 
positive eigenvalue of A acting on Q°(E) is at least 1. But from (4.1) we have that 
$ : E — > § 5 (v / 2) is also a minimal immersion and so A$ + $ = 0, i.e. 1 is an 
eingenvalue of A. Hence E is Hamiltonian stable if the first positive eigenvalue of 
A acting on f2°(E) is 1. 

Precisely the first eigenvalue of A (acting on functions) of the Lagrangian sphere 
Mo defined in (2.13) is 1 and it is clear that the same happens to the Lagrangian 
torus T defined in (2.10). In section 4.4 we showed the same property for the Klein 
bottle B defined in (4.21). As a consequence, we have that Mo, T and B arc 
Hamiltonian stable minimal Lagrangian surfaces in § 2 x S 2 . 

If the compact surface E is orientable, the star operator * : Q°(E) — > £1 2 (E) says 
us that the eigenvalues of A acting on fi°(E) or on £! 2 (E) are the same, and so 
Indo(E) = Indi(E). Thus if E is a minimal Lagrangian compact orientable surface 
of § 2 x § 2 with genus g, then 

(5.3) Ind(E) = 2 5 + 2Ind (E). 

Using (5.3) we get that Mo is stable and Ind(T) = 2. 

In the following result we provide variational characterizations of the examples 
Mo, T and B in this context. 

Theorem 4. Let <f> : E — > § 2 x S 2 be a minimal Lagrangian immersion of a compact 
surface E. Then 

(1) 7/E is stable, then $(E) is the totally geodesic Lagrangian sphere M . 

(2) Lf E is Hamiltonian stable and E is orientable with genus g < 2, then $ 
is an embedding and $(E) is either the totally geodesic sphere Mo or the 
totally geodesic torus T. 
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(3) If T, is a Hamiltonian stable Klein bottle, then $ is an embedding and 
is the Klein bottle B described in section 4-4- 

(4) If£> is unstable, then Ind(E) > 2 and the equality holds if and only if $ is 
an embedding and $(£) is the totally geodesic torus T. 

Remark 4. Part (1) shows that the result proved in Corollary 5.2 in [MW] is 
the best possible. Also, since the totally geodesic sphere Mo is a complex surface 
with respect to the complex structure J = (J, — J) on § 2 x S 2 , we have that M 
is area minimizing in its homology class. In addition, in [IOS] it was proved that 
the totally geodesic torus T is area minimizing under Hamiltonian deformations of 
§ 2 x § 2 . ' 

Proof. We start remenbering a result of Simon [S] which will be used in the proof 
of this Theorem. 

Let ^ : M — > K™ be an immersion of a compact surface M with mean curvature 
vector H and maximum multiplicity iz, i.e. there exist /x points {pi, . . . ,p^} on M 
such that ^(pi) = a, for all 1 < i < /i. Then 

f \H\ 2 dA>4TTn, 
Jm 

and the equality holds if and only if H is given on M = M — {p\, . . . ,p^} by 
H = t|t~T2 , where _L stands for normal component. This condition about the 
mean curvature H means that u ¥~ a l2 : M — > R n is a minimal immersion. 

I w — a\ z 

In this setting, the minimal Lagrangian immersion $ produces an immersion 
$ : S — » M 6 which is minimal into § 5 (\/2). From (4.1), in this case H = -<f>/2 and 
we obtain that 

Area(S) > 8wfi, 

and the equality holds if and only if $ = 4 ^~°-j 2 , where /j, is the maximum multi- 
plicity of $. Since now a € § 5 (-\/2) and $ is normal to the surface, the last equation 
becomes in ($,a)$ = 2a- 1 . From here it is not difficult to conclude that $ is the 
totally geodesic sphere M . As a summary, we have obtained that 

(5.4) Area (S) > 87Tit 

and the equality holds if and only if $ is an embedding and $(£) is congruent to 
Mo, whose area is 8n. 

Now we can prove (1). From (5.2), if S is stable then /3i(S) = 0, which implies, 
taking into account Proposition 5,(2), that $(£) is congruent to Mo. 

To prove (2), we only have to consider the cases g = 1,2. If the genus of S is 
1, i.e. S is a Hamiltonian stable torus, then the first eigenvalue of the Laplacian 
acting on functions is 1. So we have a minimal immersion $ : X — > S 5 (\/2) of a 
torus X where 1 is the first eigenvalue of the Laplacian. A result of El Soufi and 
Ilias [EI] says us that S is flat and then Theorem 2 shows that it must be the totally 
geodesic torus T. 

If the genus of S is 2 we use a known argument. From the Brill-Nocther theory, 
we can get a non constant meromorphic map ip : X — > § 2 of degree d < 2. Then 
there exists a Moebius transformation F : S 2 — > § 2 such that J^(F o ip) = 0, and 
using that the first positive eigenvalue of A is 1, we have 

/ \V(Fo<p)\ 2 > [ \Fo<p\ 2 = Area(S). 
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But J s |V(F o ip)\ 2 = 87rdegree(F o <p) = 8ir degree(cp) < \Qtt. Hence we obtain 
that Area(£) < I6n. Taking into account (5.4) we finally get that fi < 2. But 
Proposition 3 implies that \i > 2, obtaining the equality in the last inequality. 
This gives a contradiction, because the equality can be only attained by the totally 
geodesic Mo. This finishes the proof of (2). 

Suppose now that S is a Hamiltonian stable Klein bottle. Then we have a 
minimal immersion $ : S -> § 5 (V2) of a Klein bottle E such that 1 is the first 
positive eigenvalue of A. From Theorem 1.2 in [EGJ] we deduce that our immersion 
is an embedding and the surface is the Klein bottle B. This proves (3). 

Finally we prove (4). If £ is unstable and orientable, using part (1) the genus g 
of £ satisfies that g > 1 and, from (5.3), Ind (£) > 2 and the equality holds if and 
only if £ is a Hamiltonian stable torus, which implies that it is the totally geodesic 
torus T using part (2). 

If £ is non orientable, let ir : £ — > S the 2 : 1 orientable Riemannian covering 
and r : E — > E the change of sheet involution. The spaces of forms on E can be 
decomposed in the following way: 

fT(£) =ir + (£)®lT (£), i = 0,l,2, 

where 

n'±(S) = {a E n\t)/T*a = ±a}. 

As itot = 7r, the map a E Q*(£) i— > ir*a E fi l (E) allows to identify Q*(E) = fi J + (E), 
i = 0,1,2. In addition, as E is non orientable, *r* = — r**, and so ★ identifies 
f2^_(E) = 0^_(E). Hence we have the identification 

o 2 (e) = n°_(E) 

p = / 

where 7r*/3 = /wg, being the area 2-form on E. Since E is non orientable, 
the eigenvalues of A : £! 2 (£) — ► 17 2 (E) arc positive, and so, taking into account 
the above considerations, Ind\{T,) is the number of eigenvalues (counted with mul- 
tiplicity) of A : fi°_(E) — » fi°_(E) less than 1. Also, as /ndo(E) is t/ie number of 
positive eigenvalues (counted with multiplicity) of A : — > ^+(E) tess t/ian 1, 
we obtain that 

(5.5) Indo(E) + Indi(S) = Ind (E), 

corresponding to the minimal Lagrangian immersion $ o tt : E — > § 2 x S 2 . 

We can consider that x(^) ^ because there are not minimal Lagrangian real 
projective planes in § 2 x § 2 according to Proposition 5,(2). If x(E) < —2, then 
/3i(E) > 3 and (5.2) says that Ind (E) > 3. If x(E) = -1, then /3i(E) = 2 and (5.2) 
and (5.5) imply that 

Ind (E) = 2 + Ind (E) + Indi (E) = 2 + Ind (E) . 

But E is an oriented compact surface of genus 2 and part (2) leads to Indo(E) > 1. 
This implies that Ind(E) > 3. 

Finally, if E is a Klein bottle, then /?i(E) = 1. If Indi(E) = 0, using the above 
description of Indi, the first eigenvalue Ai of A : f2°_(E) — > ffi_ (E) satisfies Ai > 1. 
Hence 

/ |V/| 2 > / / 2 , V/ e C°°(E) such that / o r = -/. 

JT, JE 
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From Theorem 1 in [RS] , we can get a non constant meromorphic map if : E — > S 2 
satisfying ipor = —ip of degree d < 2. Thus we obtain 

/ |V^| 2 > / M 2 = Area(E). 

But Jj, |V0| 2 = 8-7T degree(0) < 167r. So we get that Area(E) < 167T. Since 
Area(E) = 2Area(E), from (5.4) we have that fi < 1. Hence /j, = 1 and the 
equality in (5.4) holds, which is impossible because E would be the totally geodesic 
sphere Mq. Therefore Indi(E) > 1 for any minimal Lagrangian Klein bottle E of 
§ 2 x S 2 . Part (3) gives that Indo(E) > 1 for any minimal Lagrangian Klein bottle 
of S 2 x S 2 except for B. In this way, we obtain that any minimal Lagrangian Klein 
bottle E different from B satisfies Ind(E) > 3. 

To finish the proof we must check that Indi(B) > 2. In fact, following section 
4.4, we consider the functions /, g : B — > M. defined by f(ir(t,s)) — cos(2s/\/3), 
g(ir(t,s)) = sin(2s/\/3), where tt : M 2 — > B is the projection and B is the 2 : 1 
covering torus of B. As the involution r : B — > B is induced by (t, s) (V3AT/3 — 
t, s + \/37r/2), it is clear that / o r = — / and g o t = — g. Following the proof of 
Theorem 3, the induced metric on R 2 is given by e 2u ^ = 4coshlog(V3 dn(V3t)) 
and so e 2u ^ > 4. Then, for any real numbers a and b we have that 

A(af + bg)(n(t, s)) = £ (a cos *L + b sin 

= -%e- 2 "W{af + bg){n{t,8)). 

But using that e - 2u ^ < 1/4, it follows that 

-(af + bg)A(af + bg) <\{af + bgf , 

which implies that 

- j (af + bg)L(af + bg) dA < ~ (af + bgf dA. 

In conclusion, we have shown that there exists a 2-dimensional subspace of (B) 
whereon the quadratic form associated to the Jacobi operator A + 1 of B is negative 
definite. So Indi(B) > 2 and this finishes the proof. □ 

In the last result we compute the index of the Gauss map of a compact orientable 
minimal surface of § 3 in terms of the index of itself. 

Proposition 6. Let $ : E ^ § 3 C I 4 be a minimal immersion of an orientable 
compact surface E and $ : E — > S 2 x S 2 . its Gauss map. Then 

Indo (*) = Jnd(*)-1. 

Moreover, if the genus of the surface g > 1 then Ind (&) > 4 and Ind(&) > 10, and 
the equality holds in some of the equalities if and only if is a two fold covering of 
the totally geodesic Lagrangian torus T (see Remark 3). 

Proof. The Jacobi operator of the second variation of VP is given byL = A + |(r| 2 + 2 
(see [U]), where A is the Laplacian of the induced metric g. But from (4.15) the 
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induced metric g by the immersion $ is conformal to g with g = (2 + |(r| 2 )g. Hence 
the quadratic form Q associated to L acting on functions of £ verifies 

Q(u, u) = - J^{uAu + (\a\ 2 + 2)u 2 }dv g = 
= - J^(uAu + u 2 )(\&\ 2 + 2)dvg = - J^(uAu + u 2 )dv g = Q{u 7 u), 

where Q is the quadratic form associated to the operator A + 1. So Indo ($) = 
Ind (^) — 1, because to compute Indo ($) we only consider positive eigenvalues of A. 
Now, we use the main result proved in [U]: We have that if g > 1, then Ind ($) > 5 
and the equality holds if and only if \1/ is the Clifford torus. From (5.3) and the fact 
that the Gauss map of the Clifford torus is the two fold covering of T (see Remark 
3), we finish the proof. □ 



References 

[B] R. Bryant, Conformal and minimal immersions of compact surfaces into the A-sphere, 

J. Differential Geom. 17 (1982), 455-473. 
[BF] P.F. Byrd & M.D. Friedman, Handbook of elliptic integrals for engineers and physicists, 

Springer, (1954). 

[CN] B.Y. Chen & T. Nagano, Totally geodesic submanifolds of symmetric spaces, I, Duke 

Math. J., 44 (1977), 745-755. 
[CK] S.S. Chern & N. Kuiper, Some theorems on the isometric imbedding of compact Rie- 

mann manifolds in Euclidean space, Ann. of Math. 56 (1952), 422—430. 
[EGJ] A. El Soufi, H. Giacomini & M. Jazar, Greatest least eigenvalue of the Laplacian on the 

Klein bottle, arXiv:math.MG/0506585 (2005). 
[EI] A. El Soufi & S. Ilias, Riemannian manifolds admitting isometric immersions by their 

first eigenf unctions, Pacific J. Math., 195 (2000), 91-99. 
[IOS] H. Iriyeh, H. Ono & T. Sakai, Integral geometry and Hamiltonian volume minimizing 

property of a totally geodesic Lagrangian torus in § 2 X S 2 , Proc. Japan Acad. Ser. A 

Math. Sci. 79 (2003), 167-170. 
[JNP] D. Jakobson, N. Nadirashvili & I. Poltcrovich, Extremal metric for the first eigenvalue 

on a Klein bottle, to appear in Canadian J. Math. 
[J] J. Jost, Two-dimensional geometric variational problems, Whiley-Interscience, (1991). 

[L] H.B. Lawson, Complete minimal surfaces in S 3 , Ann. of Math., 92 (1970), 335-374. 

[MR] W.H. Meeks &: H. Rosenberg, The theory of minimal surfaces in M X E, Comment. 

Math. Helv., 80 (2005), 811-858. 
[MW] M.J. Micallef & J.G. Wolfson, The second variation of area of minimal surfaces in 

four-manifolds, Math. Ann., 295 (1993), 245-267. 
[O] Y.G. Oh, Second variation and stabilities of minimal Lagrangian submanifolds in 

Kaehler manifolds, Invent. Math., 101 (1990), 501-519. 
[RS] M. Ross & C. Schoen, Stable quotients of periodic minimal surfaces, Commun. Anal. 

and Geom. 2 (1994), 451-459. 
[RV] E.A. Ruh & J. Vilms, The tension field of the Gauss map, Trans. Amer. Math. Soc, 

149 (1970), 569-573. 

[SY] R. Schoen & S.T. Yau, On univalent harmonic maps between surfaces, Invent. Math., 
44 (1978), 265-278. 

[S] L. Simon, Existence of surfaces minimizing the Willmore functional, Comm. Anal. 

Geom., 1 (1993), 281-326. 
[U] F. Urbano, Minimal surfaces with low index in the three-dimensional sphere, Proc. 

Amer. Math. Soc, 108 (1990), 989-992. 
[W] J.G. Wolfson, Minimal surfaces in Kahler surfaces and Ricci curvature, J. Differential 

Geom., 29 (1989), 281-294. 



22 



ILDEFONSO CASTRO AND FRANCISCO URBANO 



Departamento de Matematicas, Universidad de Jaen, 23071 Jaen, SPAIN 
E-mail address: icastroOujaen.es 

Departamento de Geometri'a y Topologi'a, Universidad de Granada, 18071 Granada, 
SPAIN 

E-mail address: furbanoaugr.es 



